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Chapter 4 Integration 

§ One variable integral 
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b
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Approximate ( )f x  by Lagrange’s polynomial ( )nP x : 
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1. Trapezoidal rule 
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2. Simpson’s rule  
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b. n = 3 
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c. n = 4 
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3. Composite rule 

0x a , 2nx b , ( ) / 2h b a n  , 0ix x ih   

a. Composite Trapezoidal rule 
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b. Composite Midpoint rule 
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c. Composite Simpson’s rule 
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4. Gaussian Quadrature 
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Question: How to choose ic  and ix  such that  
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Ex. Four parameters 1x , 2x , 1c  and 2c  generate a polynomial of order 3 

with the basis 2 3{1, , , }x x x . 

1

1 21
1 1 1dx c c


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1

1 1 2 21
xdx c x c x


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1 3 3 3
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Yield 1

3

3
x   , 2

3

3
x   , 1 2 1c c  . 

Usually, the roots of the following Lengredre polynomials are 1x ,…, nx : 
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a. 2
2

1
( )

3
p x x  , b. 3

3

3
( )

5
p x x x  , c. 4 2

4

6 3
( )

7 35
p x x x   , etc. 

Then use 1x ,…, nx  into Lagrange’s polynomial to find 1 ~ nc c : 
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Remarks: 

1. 2n  , 1 2 0.577x x    , 1 2 1.c c   

2. 3n  , 1 3 0.775x x    , 2 0x  , 1 3 0.556c c  , 2 0.889c   

3. 4n  , 1 4 0.861x x    , 2 3 0.340x x   , 1 4 0.348c c  , 2 3 0.652c c   
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§ Multiple integral 

A. ( , )
d b
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f x y dxdy   

a. Simpson’s rule 

0x a , 2nx b , 0y c , 2ny d , ( ) / 2h b a n  , ( ) / 2k d c m  , 
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b. Gaussian Quadrature 
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B. 2
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b. Gaussian quadrature 
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§ Improper integral 
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HW4 

1. Determine the values 
2

1
sin(4 )xe x dx  with 0.1h   by 

a. Use the composite trapezoidal rule 

b. Use the composite Simpsons’ method 

c. Use the composite midpoint rule 

2. Approximate 
1.5 2

1
lnx xdx  using Gaussian Quadrature with 3n   and 

4n  . Then compare the result to the exact value of the integral. 

3. Approximate 
/ 4 cos 2

0 sin
(2 sin cos )

x

x
y x x dydx


   using 

a. Simpson’s rule for 4n   and 4m   

b. Gaussian Quadrature, 3n   and 3m   

c. Compare these results with the exact value. 

4. Use the composite Simpson’s rule and 4n   to approximate the 

improper integral a)
1 1/ 4

0
sinx xdx , b) 4

1
sinx xdx

   by use the transform 

1t x  


