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Chapter 4 Integration

§ One variable integral

b

Lf(x)dx

Approximate f(x) by Lagrange’s polynomial P,(x):
(n+1)

F(x) = P.(x) 41— ) (5("»( X, ) (X—X,)

(n+1!

J.:f(x)dx= j:Pn(x)dx+ ik j FOD (£())(X = Xg)ovene(X — X, )X

jb f (x)dx:ﬁ P (x)dx

1. Trapezoidal rule

R(x) = f(xo>xx‘xl F ()2

0 =X

Let h=x—%,, sh=x-x,
P (X, +sh) = f(X,)A—-s)+ f(x)s
J f(x )dX——[f(Xo)+f(Xi)]——f"(é)

2. Simpson’s rule

a. n=2
p(x) = £ (x) XKDy X)) gy (X=%)(X=)

(%~ )(o—) 1 (% = %) (%, = ) (X, =X) (%, = %,)

F’(x)—f(x)—(S DE=2) ¢y )S(S 2) f(x2)5(s D

*2 h iv
LO F(x)dx =§h[f (%) +4T00)+ T06)] =55 F7()

b. n=3

I f(X)dX——h[f(X)+3f(X1)+3f(X)+f(X3)]—£f'V(§)

c. n=4

j f(x)dx_—[7f(x)+32f(x1)+12f(x2)+32f(x)+7f(x4)]—8—h;f'v(§)
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3. Composite rule

X, =a, X,=b, h=(b-a)/2n, x =x,+ih
a. Composite Trapezoidal rule

b h 2n-1 b_a 5 en

_[ f(x)dx=—[f(a)+22f(xi)+f(b)]——h f"(&)

a 2 =) 12

b. Composite Midpoint rule

b b_a 2¢nm
[l F00ax=20LF () + £ () .o+ £ O )]+ == N*F7(9)
c. Composite Simpson’s rule

n

£ 0oax = f0ax =3[ F(x)ax =22[f 061-2) + 4T (% 1) + T ()]

=)
=2[f (x0)+2§2: f (X2i2)+4ian" f (X, )+ f(XZn)]—%h4 V(&)

4. Gaussian Quadrature

[t o0 :Z:‘C‘ f(x)

Question: How to choose ¢, and x such that

min[[" f (x)dx—iZil:ci f (%)

Ex. Four parameters x, x,, ¢, and c, generate a polynomial of order 3
with the basis {1, x, x*, x*}.

[[a=ceecel, [ xdx=gox %, [ xdx=god+c,,

flx3dx =CoX +Cyox’

Yield x, :—g, X, :—ﬁ, ¢ =c,=1.

Usually, the roots of the following Lengredre polynomials are x,...,x,:
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1 3 6 3
a. X)=x*-=, b. X)=x}-=x, C. X)=x*—=x*+—, etc.
P, (X) 3 Ps(X) 5 P, (X) - 35

Thenuse x,...,x, into Lagrange’s polynomial to find c, ~c,:

n

F09=3 T (X)L, (9
[ fdx= Z ()] L (x)dx = ici F(x)
C = fl L, (x)dx.

Remarks:

1. n=2, x,=-x,=-0577, ¢, =c¢, =1,

2. n=3, X, =-%=-0775, x,=0, ¢, =c,=0.556, c,=0.889

3. n=4, x,=-x,=-0.861, x,=-x,=0.340, ¢, =c,=0.348, c,=c,=0.652

Consider j: f (x)dx

Let X=28_ —(=D) or X:UE+1(b+a)
b-a 1-(-1) 2 2
b b-ag ,.a+b b-a

Then Lf(x)dx: - j_lf[ S+ dn
R )

§ Multiple integral

A. Ld jb £ (x, y)dxdy
a. Simpson’s rule

X, =a, X,=b, y,=c¢, y,,=d, h=(b-a)/2n, k=(d-c)/2m,

x, =a+ih, y,=c+jk

[7] f (x y)dxdy = j [f(xo,y)+zzf(xz.z,y)+42f(x2._1,y)+f(xzn,y)]dy

=1

=—{[f(x0,y0)+22 f(XO’ij 2)+4zf(XO'Y2J )+ (X Yam)]

j=2 =1

+22[f(X2| 2,y0)+22f(x2, 21 Yoi- 2)+4Z f (X2 Yaia) + £ (X155 Yom)]

i=2 j=2 =1
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+4Z[f (Xoigs Yo) + ZZ f (%0 Yoj0) + 42 f (X 00 Yaj0) + F (X505 Vor)]

i=1 j=2 j=1

ALE s Yo) + 23" F (o Yoy 2) +43 £ (o Yoy 1)+ F (s Yor )T}

j=2 j=1
b. Gaussian Quadrature
x-a_¢&-() y-c_n-(1
b-a 1-(-1)  d-c 1-(-1)
b-a_ b+a d-c d+c
X= = +

o2
y ety YET

7] fx y)dxdy:Wjjljflf[a;b+b;a§1czd +d;C77]dr§d77

(b—a)(d—c) & a+b b-a_ c+d d-c
=" 7 cc. f + . +
4 Z,Z Sl et

or

1]

B. jb 7757 £ (x, y)dydx

y=01(x)

a. Simpson’s rule

Yo=0.(0 s Yo =0,(X), K(X)=(9,(x)—9,(x))/2m, 'y, =g,(x)+ jK(x).

LI o yydydx= [ %[f (% y)+ 22 Ot 20Y) 43 06 1Y)+ 1 V10K

y=01(x) i=1

= j:%[f (X, ¥o) + sz: f(X,¥,,.2) +4Zm: (X Yy;0) + T (X, ¥p,)]dX

j=2

X, =a, X,=b, h=(-a)/2n, x =x,+ih, k =k(x)
I:IyZQZ(X) £ (x, y)dydx

y=01(x)

h n n
= §[ko f (X Yo) + 22 Koo £ (X500 Yo) + 42 Koia F (Xai1, Vo) +Kan £ (Xa0, Vo)1

i=2 i=1

2h m n m n m
+?[koz f (Xoa y2j—2) + ZZ k2i—2 (z f (X2i—2’ yzjz))+4z k2il(z f (XZifl' yZJZ)]
j=2 i=2 j=2 i=1 j=2
+k2n (z f (in’ Y2jz)]]
j=2

4h m n m n m
+?[koz f (X01 y2j—1) + 22 k2i72 (Z f (X2i72' yzjl)J +4z k2i—1 [z f (X2i—1’ ijl)]
j=1 i=2 j=1 i=1 j=1
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+Ky, (Zri: f (X0, Y2j1)]]

5 [k f (X yZm) + 22 k2| 2 2| 27 y2m) + 42 k2i—lf (X2i—1’ yZm) + k2n f (X2n’ yZm)]

i=2 i=1

b. Gaussian quadrature

J‘y=92(x) f(X, y)dy _

y=0,(x)
y_gl(X) =77+1 or y= gz(X)—gl(X)n+g2(X)+gl(X)
9,(x)—-g,(x) 2 2 2
'[yyiggz(:) f(x,y)dy :Mﬁ f[x, gz(x);gl(x) n+ gz(x);rgl(x)]dn

_ZC {gz(x) gl(X) f[ g (X)Z gl(X) 77] QZ(X)Zgl(X)]}

j [ £ (x, y)dydx =

y=01(x)
Z J. {g (X) gl(X)}f[X gz(x)2 gl(X) 77] gz(X);gl(X)]dX
a+b

:—éf -

a+b b-a a+b b-a

Gi(&) =20, (——+——)-al——+—=)}

a+b b-a a+b b-a

G,(e) =240+ =)+l —+——c)}

Z J. {g (X) gl(X)}f[X gz(x)2 gl(X) 77] gz(X);gl(X)]dX

1
2
1
2

Z i G(é)f[—f: —G(é)n,+e (&)

i=

=%iciic,-el<r;)f[ 828

i=1 j=1

—2.G,(E), +G,(8)]
§ Improper integral

Let f(x)_(gL 0< p<1, g(x) iscontinuous, then j:f(x)dx exists

a)’’

b g(x)
To compute dx,

* (x-a)®
We use



2013/9/13 Chapter4  Prof. R.-T. Wang

p4(X)=9(a)+9'(a)(X—a)+ 9"(a)(x-a)’ 3 9”’(a)(X a)’ +— "V)(a)(x a)’

g(x) =g (x) = P, () + P4(x)
Ib 9(x) 4 Ibg(X) P (X) gy [PPX)

a(x—a)p (x—a)" a(x—a)P "
where
b P () o g% @ . v w 9Y@) L ke
a(x—a)pdx_kz_(;ja o T b
And
J. g(X) pA(X) dX:IbG(X)dX
(x—a)° a

g(x) — P4 (X) a<x<b

where G(x)={ (x-a)* ' N
0, X=a

HW4

1. Determine the values Lze*sin(4x)dx with h=0.1 by

a. Use the composite trapezoidal rule
b. Use the composite Simpsons’ method

c. Use the composite midpoint rule

2. Approximate jll's x?Inxdx using Gaussian Quadrature with n=3 and
n=4. Then compare the result to the exact value of the integral.

3. Approximate _[:ML:SXX (2ysin x +cos’x)dydx using
a. Simpson’srule for n=4 and m=4
b. Gaussian Quadrature, n=3 and m=3

c. Compare these results with the exact value.

4. Use the composite Simpson’s rule and n=4 to approximate the
improper integral a) jol x Y4 sin xdx, b) f x~*sinxdx by use the transform

t=x"



